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HOCHSTER’S THETA PAIRING AND ALGEBRAIC
EQUIVALENCE
OLGUR CELIKBAS AND MARK E. WALKER
Abstract. We define a variant of Hochster’s θ pairing and prove that it is con-
stant in flat families of modules over hypersurfaces with isolated singularities.
As a consequence, we show that the θ pairing factors through the Grothendieck
group modulo algebraic equivalence. Moreover, our result allows us, in certain
situations, to translate the properties of the θ pairing in characteristic zero
(established in [18] and [19]) to the characteristic p setting. We also give an
application of our result to the rigidity of Tor over hypersurfaces.
1. Introduction
Let R be the ring of regular functions of a hypersurface with isolated singularities
— i.e., R = S/f where S is regular and the set
Sing(R) = {p ∈ Spec(R) |Rp is not regular}
is a finite set of maximal ideals. Then for any pair of finitely generated R-modules
M and N , for all i ≫ 0, the Tor modules TorRi (M,N) have finite length and are
periodic of period at most two (i.e., TorRi (M,N)
∼= TorRi+2(M,N)). Under these
assumptions, Hochster’s theta pairing [12] is defined as
θR(M,N) = length(TorR2i(M,N))− length(Tor
R
2i+1(M,N)) for i≫ 0.
The θ pairing is additive on short exact sequences in each argument, and thus de-
termines a Z-valued pairing on G(R), the Grothendieck group of finitely generated
R-modules. One looses no information by tensoring with Q, and so often θ is inter-
preted as a symmetric bilinear form on the rational vector spaceG(R)Q = G(R)⊗Q.
Hochster [12] originally defined the theta pairing (for a larger class of pairs
of modules) to study the direct summand conjecture. Recently the θ pairing was
examined in detail in [6], [8] and [18]. Dao [6, 2.8] observed an important connection
of the θ pairing with the rigidity of Tor: Assume (R,m) = S/(f) where S is
an unramified (or equi-characteristic) regular local ring and Rp is regular for all
p 6= m. Then the vanishing of θR(M,N) implies that the pair of finitely generated
R-modules (M,N) is “Tor-rigid” in the sense that if TorRn (M,N) = 0 for some
non-negative integer n, then TorRi (M,N) = 0 for all i ≥ n. (We will record a
slightly more general version of this fact in Proposition 3.4.)
In [18], Moore et. al. study the θ pairing for rings of the form
R = k[x0, . . . , xn]/f(x0, . . . , xn),
where k is an algebraically closed field and f is a homogeneous polynomial of degree
d such that X := Proj(R) is a smooth k-variety. (So, m = (x0, . . . , xn) is the only
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non-smooth point of R.) They show that the θ pairing is induced, via the Chern
character map, from the pairing on the primitive part of ℓ-adic e´tale cohomology
H
n−1
2
et (X,Qℓ)
Qℓ · γ
n−1
2
×
H
n−1
2
et (X,Qℓ)
Qℓ · γ
n−1
2
→ Qℓ
given by
(a, b) 7→
(∫
X
a ∪ γ
n−1
2
)(∫
X
b ∪ γ
n−1
2
)
− d
∫
X
a ∪ b.
(Here, ℓ is any prime distinct from char(k) and γ is the class of a hyperplane
section.) In particular, the theta pairing vanishes for rings R of this type having
even dimension (i.e., for which n is even). Moreover, in the odd dimensional case,
when char(k) = 0, using the Hodge-Riemann bilinear relations, they show that the
above pairing on e´tale cohomology is positive/negative definite depending whether
n is congruent to 3 or 1 (mod 4). In particular, (−1)
n+1
2 θ is semi-positive definite
in this case.
Closely related to the θ pairing is the Herbrand difference h(M,N), introduced
by Buchweitz [4], which is defined by replacing Tor with Ext in the formula defining
θ. Under mild hypotheses, these two invariants are essentially the same: If R is
finite type over a field, then upon tensoring with Q, each pairing is induced from
a pairing on the graded (rational) Chow group, CH ·(R)Q, of R. On the summand
CHj(R)Q, the θ pairing and the Herbrand difference agree when j is even, and they
differ by a sign when j is odd.
When R has the form C[[x0, . . . , xn]]/f with f a power series with an isolated
singularity, the Herbrand difference coincides with Euler characteristic for the cate-
gory of matrix factorizations of f . Recently, Polishchuk and Vaintrob [19, Theorem
4.1.4] have established a “Riemann-Roch” formula of the form
h(M,N) = 〈ch(M), ch(N)〉
for maximum Cohen-Macaulay R-modules M and N . Here, ch(M) is the “Chern
character” of M , which is a certain element in the Milnor algebra of f :
C[[x0, . . . , xn]](
∂f
∂x0
, . . . , ∂f
∂xn
) .
The pairing 〈−,−〉 on the Milnor algebra is given by the formula involving gener-
alized fractions
〈g, h〉 = Res
[
gh dx0 ∧ · · · ∧ dxn
∂f
∂x0
, . . . , ∂f
∂xn
]
.
The class ch(M) is given in terms of a matrix factorization of f that presents
M , and is defined in terms of the “boundary-bulk map”, a construction arising
in mathematical physics. In particular, h(M,N) may be computed directly using
the calculus of generalized fractions from the entries of the matrix factorization
representations of M and N . Moreover, since the boundary-bulk map vanishes
when n is even, this result shows that the h pairing, and hence the θ pairing,
vanish for even dimensional rings R of this type. This exciting connection between
homological algebra of hypersurfaces and mathematical physics is only beginning
to be explored.
The main point of this article is to establish the invariance of the θ pairing in
flat families — see Theorem 2.7 for a precise statement. For example, suppose A is
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a complete dvr, f belongs to C := A[x0, . . . , xn], and B := C/f is flat over A and
its singular locus is module finite over A. Suppose also that M and N are a pair of
finitely generated B-modules that are A-flat. Then given a map A→ L with L an
algebraically closed field, the integer θB⊗AL(M ⊗A L,N ⊗A L) is independent of L
(and the map A→ L).
In particular, taking A to be the p-adic integers, our result allows us to translate,
in certain situations, results in characteristic 0, such as those listed above, to results
in characteristic p — see Corollary 4.5 for precise statements of this sort. In the
equi-characteristic setting, if we take A to be the ring of regular functions of a
smooth affine curve over an algebraically closed field k, then our results imply
that the θ pairing does not distinguish between algebraically equivalent elements
of G(R). In other words, θ descends to a pairing on the Grothendieck group of R
modulo algebraic equivalence — see Corollary 3.3 for a precise statement.
2. Main Theorem
Throughout this paper, all rings are assumed to be commutative and Noetherian.
We give some definitions used in our main theorem.
Definition 2.1. Let R be a ring. An R-algebra S is essentially of finite type over
R if S is a localization of a finitely generated R-algebra. S is said to be essentially
smooth over R if (i) S is essentially of finite type over R, (ii) the map R → S is
flat, and (iii) for all ring maps R→ L where L is a field, the ring L⊗RS is regular.
For example, if k is a field and S is a smooth k-algebra — that is,
S = k[x1, . . . , xn]/(f1, . . . , fm)
and the Jacobian matrix
(
∂fi
∂xj
)
⊗S S/m has rank equal to n− dim(Sm) for each
maximal ideal m of S — then any localization of S is essentially smooth over k.
Definition 2.2. A flat family of hypersurfaces with isolated singularities consists of
a base ring A, an A-algebra C, and an element f ∈ C such that, letting B := C/(f),
the following conditions hold:
(1) Spec(A) is connected,
(2) C is essentially smooth over A,
(3) B is flat over A, and
(4) there exists an ideal I of B such that B/I is module finite over A and Bp
is essentially smooth over A for all p ∈ Spec(B) \ VB(I).
Remark 2.3. For the ideal I in Definition 2.2, V (I) contains the singular locus
of the map A → B, and so the assumption that A → B/I is module finite implies
that A → B is a family of isolated singularities. In more detail, given A → L
with L a field, for q ∈ Spec(B ⊗A L), let p = q ∩ B. Then (B ⊗A L)q is a
localization of (B ⊗A L)p and (B ⊗A L)p ∼= Bp ⊗A L. In particular, if p is a
regular point of Spec(B), then q is a regular point of Spec(B⊗A L). It follows that
Sing(B ⊗A L) ⊆ VB⊗AL(J), where J := I ·(B⊗AL). Since (B ⊗A L)/J
∼= (B/I)⊗A
L is a finite dimensional L-algebra, Sing(B ⊗A L) is a finite set of maximal ideals.
Also notice that B ⊗A L = (C ⊗A L)/(f) and C ⊗A L is regular, by assumption,
and hence B ⊗A L is a hypersurface with isolated singularities.
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Example 2.4. Suppose A is a complete dvr (e.g., the p-adic integers) and C =
A[x0, . . . , xn](x0,...,xn). Say f ∈ C is such that (
∂f
∂x0
, · · · , ∂f
∂xn
) (where ∂−
∂xi
is the
evident A-linear derivation of C) contains (xN0 , . . . , x
N
n ) for some N ≫ 0. For
example, f = xd00 + · · ·+x
dn
n satisfies this condition provided the integers d0, . . . , dn
are invertible in A. Then A,C and f ∈ C form a flat family of hypersurfaces with
isolated singularities. The required ideal I may be taken to be ( ∂f
∂x0
, · · · , ∂f
∂xn
).
Definition 2.5. For a flat family of hypersurfaces with isolated singularities as in
Definition 2.2, if M and N are finitely generated B-modules that are A-flat and
α : A→ L is a ring map with L a field, we define
θ˜α(M,N) := dimL
(
TorB⊗AL2i (M ⊗A L,N ⊗A L)
)
−
dimL
(
TorB⊗AL2i−1 (M ⊗A L,N ⊗A L)
)
for i≫ 0.
Since B ⊗A L is a hypersurface, we have
TorB⊗ALi (M ⊗A L,N ⊗A L)
∼= Tor
B⊗AL
i+2 (M ⊗A L,N ⊗A L)
for all i≫ 0. Moreover, since Sing(B⊗AL) ⊂ VB⊗AL(I ·(B⊗AL)) and (B⊗AL)/I ·
(B⊗AL) is finite dimensional over L by Remark 2.3, it follows that Tor
B⊗AL
i (M ⊗A L,N ⊗A L)
is supported on V (I · (B ⊗A L)) and is finite dimensional over L, for all i≫ 0. In
particular, θ˜α(M,N) is well-defined.
Remark 2.6. The pairing θ˜α is closely related to the θ pairing. For observe that if
L is algebraically closed, then the residue of every prime in the Artinian ring (B⊗A
L)/I·(B⊗AL) is isomorphic to L (by Nullstellensatz). Since Tor
B⊗AL
i (M ⊗A L,N ⊗A L)
is supported on V (I · (B ⊗A L)) for all i≫ 0, it follows that
dimL Tor
B⊗AL
i (M ⊗A L,N ⊗A L) = lengthB⊗ALTor
B⊗AL
i (M ⊗A L,N ⊗A L)
for all i≫ 0, and hence
θ˜α(M,N) = θ
B⊗AL(M ⊗A L,N ⊗A L)
for such L. Typically, for questions involving θ, passage along a faithfully flat
extension looses no information, and thus one may reduce to a situation in which
the residue fields are algebraically closed.
The main result of this paper is the following. (See Definitions 2.2 and 2.5 for
the terminology.)
Theorem 2.7. Let A, C, and f ∈ C be a flat family of hypersurfaces with isolated
singularities. Set B = C/f and let M and N be finitely generated B-modules both
of which are flat as A-modules. If α : A → L is a ring map with L a field, then
θ˜α(M,N) is independent of L and α.
Example 2.8. LetA = Z, C = Z[x1, . . . , xn, y1, . . . , yn], f =
n∑
i=1
xiyi,M = B/(x1, . . . , xn)
and N = B/(y1, . . . , yn). Then A,C, f form a flat family of hypersurfaces with iso-
lated singularities (for which I may be taken to be (x0, . . . , xn, y0, . . . , yn)). Our
Theorem 2.7 implies θ˜α(M,N) is independent of α. This can be checked directly:
TorB⊗ALi (M⊗AL,N⊗AL)
∼= L if i ≥ 0 is even and TorB⊗ALi (M⊗AL,N⊗AL) = 0
if i is odd. (See, for example, [5, 3.12].) Therefore θ˜α(M,N) = 1 for all α.
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Proof of Theorem 2.7. Let E be a field and let β : A→ E be a ring map; it suffices
to prove that θ˜α(M,N) = θ˜β(M,N). Note that, for some p ∈ Spec(A), we have a
commutative diagram of ring maps of the form:
A
α
!!B
BB
BB
BB
BB
α′ // k(p)

L
Moreover
TorB⊗AL
′
i (M ⊗A L
′, N ⊗A L
′)⊗L′ L ∼= Tor
B⊗AL
i (M ⊗A L,N ⊗A L)
where L′ = k(p), and hence θ˜α(M,N) = θ˜α′(M,N). Without loss of generality
we may therefore assume L = k(p) and E = k(q), for some p, q ∈ Spec(A). Since
Spec(A) is connected, we may also assume that p ⊆ q and ht(q) = ht(p) + 1.
Set A′ = A˜n˜ where A˜ is the integral closure of Aq/pAq in its field of fractions
and n˜ is a maximal ideal of A˜. Then we have a commutative diagram of ring maps
of the form:
A
α
  @
@@
@@
@@
@
// A′
ρ

L
Moreover, the isomorphism
Tor
(B⊗AA
′)⊗A′L
i ((M ⊗A A
′)⊗A′ L, (N ⊗A A
′)⊗A′ L)
∼= Tor
B⊗AL
i (M ⊗A L,N ⊗A L)
shows that θ˜α(M,N) = θ˜ρ(M ⊗A A
′, N ⊗A A
′). Since the properties of being flat
and essentially smooth are preserved under base change, A′, C ⊗A A
′, B ⊗A A
′,
M ⊗A A
′ and N ⊗A A
′ satisfy the hypotheses of the Theorem. Without loss of
generality we may therefore assume A is a dvr with unique maximal ideal n, L is
the field of fractions of A and E is the residue field A/n.
Set n = (π) and fix a sufficiently large integer j. We claim
SuppB(Tor
B
j (M,N)) ⊆ VB(I).
Indeed, if q′ /∈ VB(I), then Bq′ is essentially smooth over A. If A → Bq′ is a local
map, then by [16, 23.7] Bq′ is regular. Otherwise, π is a unit in Bq′ and hence
Bq′ ⊗A A
[
1
π
]
= Bq′
[
1
π
]
= Bq′
is regular. Either way, TorBj (M,N)q′ = 0.
It follows that I l · TorBj (M,N) = 0 for some l > 0. Using the fact that B/I
is a finitely generated A-module, we see that TorBn (M,N) is a finitely generated
A-module for all n≫ 0. Therefore, for all n≫ 0, we can write
(2.1) TorBn (M,N) = A
(rn) ⊕Gn
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where rn is some integer andGn is the torsion part of Tor
B
n (M,N). Let tn = dimE
(
Gn
πGn
)
.
Since N is A-flat, we have a short exact sequence of complexes
(2.2) 0→ P• ⊗B N
π
→ P• ⊗B N → (P• ⊗B N)⊗A E → 0.
where P•
∼
−→M is a free resolution of M over B. Since B is flat over A, P• is also
a flat A-resolution of M . Furthermore, as M is A-flat, Hn(P• ⊗A E) = 0 for all
n ≥ 1. Therefore P•⊗A L
∼
−→M ⊗A L is a free resolution of M ⊗A L over B⊗A L,
and hence
(2.3) TorB⊗ALn (M ⊗A L,N ⊗A L)
∼= Hn ((P• ⊗B N)⊗A L) .
Similarly,
(2.4) TorB⊗AEn (M ⊗A E,N ⊗A E)
∼= Hn ((P• ⊗B N)⊗A E) .
Now (2.2) and (2.4) yield the exact sequence
(2.5)
TorBi (M,N)
π
→ TorBi (M,N)→ Tor
B⊗AE
i (M ⊗A E,N ⊗A E)→ Tor
B
i−1(M,N).
Notice (2.3) implies TorB⊗ALn (M ⊗A L,N ⊗A L)
∼= TorBn (M,N)⊗A L since L is A-
flat. Thus, by (2.1), TorB⊗ALj (M ⊗A L,N ⊗A L)
∼= L(rj) and hence θ˜α(M,N) = r2j − r2j−1.
We have, by (2.5), the short exact sequences
(2.6) 0→ Ci → Tor
B⊗AE
i (M ⊗A E,N ⊗A E)→ Ki−1 → 0
whereKi and Ci are the kernel and cokernel of the multiplication by π on Tor
R
i (M,N),
respectively. Now it follows from (2.1) and (2.6) that
θ˜β(M,N) = (r2j + t2j + t2j−1)− (r2j−1 + t2j−1 + t2j−2).
Since TorBn (M,N)
∼= TorBn+2(M,N) for all n≫ 0, we conclude that
θ˜α(M,N) = r2j − r2j−1 = θ˜β(M,N).

3. Some Consequences of the Main Theorem
We explain how the main theorem implies that the θ pairing factors through
“algebraic equivalence”. For this, it is helpful to record the following simplified
version of the theorem.
Corollary 3.1. Assume k is a field, S is essentially smooth over k, f is an element
of S such that the singular locus, Sing(R), of R := S/f is a finite set of maximal
ideals, and that R/m ∼= k for every m ∈ Sing(R) in the singular locus. (The latter
condition holds, for example, if k is algebraically closed and R is finitely generated
as a k-algebra). If A is a Noetherian k-algebra such that Spec(A) is connected and
M and N are finitely generated R⊗k A-modules that are flat as A-modules, then
θR⊗kk(q) (M ⊗A k(q), N ⊗A k(q))
is independent of q ∈ Spec(A).
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Proof. This follows by applying the theorem to the flat family of hypersurfaces
with isolated singularities given by A, C = S ⊗k A, and f ⊗ 1 ∈ C. The fact that
R/m ∼= k for all m ∈ Sing(R) implies that
θ˜α(M,N) = θ
R⊗kL (M ⊗A L,N ⊗A L)
where α : A→ L is any ring map with L a field. 
Definition 3.2. For a finitely generated k-algebra R with k algebraically closed, we
define algebraic equivalence on G(R) as the equivalence relation ∼ generated by the
following elementary relation: Given classes α and β in G(R), α ∼ β if there exist
a finitely generated, smooth k-algebra A with Spec(A) connected, maximal ideals
m1 and m2 of A and a class γ ∈ G(R ⊗k A) such that α = i1(γ) and β = i2(γ),
where
iǫ : G(R ⊗k A)→ G(R)
is the homomorphism defined on generators by
[M ] 7→
∑
j≥0
(−1)j
[
TorAj (M,A/mǫ)
]
.
Observe that TorAj (M,A/mǫ) is an R ⊗k A/mǫ-module and, since k
∼= A/mǫ, we
have that R ∼= R⊗k A/mǫ.
Corollary 3.3. If k an algebraically closed field, S is a smooth k-algebra, and
R = S/f is a hypersurface with isolated singularities, then the θ pairing on G(R)
factors through algebraic equivalence; that is, there is a commutative diagram of the
form:
G(R)⊗2Q
θ //

Q
(
G(R)Q
∼
)⊗2
<<yyyyyyyyy
Proof. For a smooth k-algebra A such that Spec(A) is connected, a pair of maximal
idealsm1,m2 ofA, and a finitely generatedR⊗kA-moduleM that is A-flat, we apply
Corollary 3.1 toM andN = T⊗kA, where T is a finitely generated R-module. This
gives θ(M1, T ) = θ(M2, T ), whereMǫ := M⊗AA/mǫ. Since G(R⊗kA) is generated
by classes of modules that are flat over A, it follows that θ(−, T ) annihilates the
image of i1 − i2 : G(R ⊗k A)→ G(R). 
Proposition 3.4. (H. Dao, cf. [6, 2.8]) Let R = S/(f) and let M and N be
finitely generated R-modules. Assume Sing(R) = {n1, n2, . . . , nr} where n1, . . . , nr
are maximal ideals of S such that Sni is an unramified regular local ring for each i.
If θR(M,N) = 0, then (M,N) is Tor-rigid over R.
Proof. Suppose that TorRn (M,N) = 0 for some n ≥ 0. Since rigidity holds over
regular local rings ([1, Corollary 2.2] and [15, Corollary 1]), Supp(TorRi (M,N)) ⊆
Sing(R) for all i ≥ n. Hence length(TorRi (M,N)) <∞ for all i ≥ n. As θ
R(M,N) =
θT
−1R(T−1M,T−1N) for T = R −
⋃
i ni, we may assume S is semi-local with
maximal ideals n1, n2, . . . , nr. Then
χSn(M,N) = χ
Sn1
n (Mn1 , Nn1) + · · ·+ χ
Snr
n (Mnr , Nnr )
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where χSn(M,N) =
∑
j≥n
(−1)j−n · length(TorRj (M,N)) is the higher Euler character-
istic of the pair (M,N). Write
θR(M,N) = length(TorR2e(M,N))− length(Tor
R
2e−1(M,N))
for some e≫ 0 and consider the following exact sequence [20]:
0→ TorR2e(M,N)→· · · → Tor
R
n (M,N)
→ TorSn+1(M,N)→ Tor
R
n+1(M,N)→ C → 0
Taking the alternating sum of the lengths, we deduce that:
length(C) + χSn+1(M,N) = (−1)
2e−n · θR(M,N) + length(Tor
R
n (M,N))
It follows from [13] and [15] that, for all t ≥ n, χ
Sni
t (Mni , Nni) ≥ 0 and χ
Sni
t (Mni , Nni) = 0
if and only if Tor
Sni
j (Mni , Nni) = 0 for all j ≥ t. Thus C = 0 and χ
S
n+1(M,N) = 0.
This implies TorRn+1(M,N) = 0 and hence Tor
R
i (M,N) = 0 for all i ≥ n. 
Using Dao’s result (as extended in Proposition 3.4), we may use Theorem 2.7 to
give a statement about Tor-rigidity:
Corollary 3.5. Assume A,C, f,B = C/f form a flat family of hypersurfaces with
isolated singularities and M,N are finitely generated B-modules that are A-flat.
Let α : A → L and β : A → E be ring maps where L and E are fields. If
θ˜α(M,N) = 0, then the pair (M ⊗A E,N ⊗A E) is Tor-rigid over B ⊗A E. In
particular, if pdB⊗AL(M ⊗AL) <∞, then the pair (M ⊗AE,N ⊗AE) is Tor-rigid
over B ⊗A E.
Proof. It follows from Theorem 2.7 that θ˜γ(M,N) = 0, where γ is the ring map
from A to the algebraic closure E of E induced by β. In view of Remark 2.6 we
have θB⊗AE(M ⊗A E,N ⊗A E) = 0. Hence, by Proposition 3.4, the pair (M ⊗A
E,N ⊗A E) is Tor-rigid over B ⊗A E. The result now follows from the fact that
B ⊗A E −→ B ⊗A E is faithfully flat. The final assertion holds since the θ pairing
clearly vanishes if either argument has finite projective dimension. 
It is worth mentioning that pdB⊗AL(M⊗AL) <∞ does not imply pdB⊗AE(M⊗A
E) <∞ in general:
Example 3.6. Let k be a field with char(k) 6= 2 and let A = k[t], C = k[x, y, t],
L = k(t), E = A/(t), f = y2 − x(x − t) and M = B/(x, y). Then B ⊗A L =
k(t)[x, y]/(f) is regular since it is smooth over k(t). Thus pdB⊗AL(M ⊗A L) <∞.
However, as B ⊗A E ∼= k[x, y]/(y
2 − x2) is singular at (x, y), M ⊗A E ∼= k is of
infinite projective dimension over B ⊗A E.
4. Applications to Matrix Factorizations
In certain situations it is possible to lift a given hypersurface with isolated sin-
gularities to a non-trivial flat family of such. For example, starting with one in
characteristic p, it is sometimes possible to lift it to a family that is indexed by a
mixed characteristic ring. In some situations, this allows one to deduce results in
the characteristic p setting from known results in the characteristic 0 setting.
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Proposition 4.1. Let F be a field, S = F [x1, . . . , xn] and f ∈ (x1, . . . , xn) ⊂ S.
Assume (x1, . . . , xn) is an isolated point in the locus of non-smooth points of S/f
— i.e., assume there exists g ∈ S \ (x1, . . . , xn) such that Spec
(
(S/f)
[
1
g
])
−
{(x1, . . . , xn)} is smooth over F . Let (A,mA) be a Henselian local ring (e.g., a
complete local ring) with residue field F and let S˜ = A[x1, . . . , xn] and n = mA +
(x1, . . . , xn).
For any f˜ ∈ S˜ such that f˜ ≡ f (mod mA), there exits h ∈ S˜ \ n such that(
S˜/J˜
) [
1
h
]
is a finitely generated A-module, where J˜ =
(
∂f˜
∂x1
, . . . , ∂f˜
∂xn
, f˜
)
and ∂−
∂xi
are the evident A-linear derivations.
Proof. We may assume J˜ ⊆ n, for otherwise we may pick h to be any element of
J˜ − n.
Let T = S˜/J˜ . Since A→ T has finite type, by the upper semi-continuity of fiber
dimensions [10, 13.1.3], the set of primes q ∈ Spec(T ) such that dim((T/(q∩A))q =
0 is an open subset of Spec(T ). Since (T/(n∩A))n ∼= (S/f)(x1,...,xn) and (x1, . . . , xn)
is an isolated singularity of S/f , we get that n belongs to this open subset. It follows
that there exists an α ∈ T \ n such that A→ V := T
[
1
α
]
is quasi-finite.
Since A is a Henselian local ring, it follows from [17, I.4.2] that V = V0×V1×· · ·×
Vm where Vi is a finitely generated A-module for all i = 1, . . . ,m and p ∩ A = {0}
for all p ∈ Spec(V0). Identifying Spec(V ) with the disjoint union of Spec(Vi), we
see that n /∈ Spec(V0). Without loss of generality, assume n ∈ Spec(V1), so that
(Vi)n = 0 for i 6= 1. Then there exits β ∈ V \n such that V1
[
1
β
]
= V1 and Vi
[
1
β
]
= 0
for i 6= 1.
Now set h = α · β. Then (S˜/J˜)
[
1
h
]
∼= V
[
1
β
]
∼= V1 is a finitely generated A-
module. 
In the homogeneous case, the previous result may be refined:
Proposition 4.2. Let F be a field, S = F [x1, . . . , xn] and f ∈ S be a homogeneous
element such that (x1, . . . , xn) is the only non-smooth point of S/f . Let A be a
complete local ring with residue field F . Let C = A[x1, . . . , xn] and let f˜ ∈ C
be any homogeneous element such that f˜ ≡ f (mod mA). Set B = C/(f˜) and
I =
(
∂f˜
∂x1
, . . . , ∂f˜
∂xn
)
⊂ B. Then B/I is a finitely generated A-module.
Proof. Observe that B/I is a graded C-module. By Proposition 4.1, there exists
an h /∈ mA + (x1, . . . , xn) such that (B/I)
[
1
h
]
is a finitely generated A-module.
Consider a filtration
0 = M0 ⊆M1 ⊆ · · · ⊆Mn = B/I
by graded submodules, such that Mi/Mi−1 ∼= C/qi where each qi is a homogeneous
prime ideal. Then qi ⊆ mA + (x1, . . . , xn) and hence h /∈ qi for each i. Since
Mi/Mi−1 →֒ (Mi/Mi−1)
[
1
h
]
is injective and (B/I)
[
1
h
]
is module finite over A,
it follows that the modules Mi/Mi−1, and hence B/I, are finitely generated A-
modules. 
Definition 4.3. ([9]) For a ring V and homogeneous element f ∈ V [x0, . . . , xn]
(equipped with the standard grading), a homogeneous matrix factorization of f is
pair of m ×m matrices (A,B) with entries in V [x0, . . . , xn] such that each deter-
mines a map of graded free modules and AB = fIm = BA.
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Remark 4.4. The condition that a p × q matrix A = (ai,j) with entries in S :=
V [x0, . . . , xn] determines a map of graded free modules is equivalent to the condition
that every entry of A is homogeneous and there are integers (e1, . . . , eq), (d1, . . . dp)
so that |ai,j | = ej − di for all i, j. For given such integers, the map
A :
q⊕
j=1
S(−ej)→
p⊕
i=1
S(−di)
is a map of graded free modules, i.e., homogeneous of degree 0.
For a homogeneous matrix factorization (A,B) of f ∈ S := F [x0, . . . , xn] with
F a field, the cokernel of A (viewed as a map of graded free modules) is a graded
maximal Cohen-Macaulaymodule (cf. [3]) overR := F [x0, . . . , xn]/(f). Conversely,
if M is a graded maximal Cohen-Macaulay R-module, then picking a graded free
resolution of it as an S-module leads to a homogeneous matrix factorization.
As mentioned in the introduction, the theta pairing is known to vanish for hy-
persurfaces with isolated singularities of even dimension that are of the form R =
F [x0, . . . , xn](f) with f homogeneous and F any field [18] orR = C[[x0, . . . , xn]]/(g)
[19]. Moreover, in the homogeneous case with n = dim(R) odd and char(F ) = 0,
the pairing (−1)
n+1
2 θ is semi-positive definite. The following result indicates a
method of translating this fact to the positive characteristic setting in favorable
situations.
Corollary 4.5. Let F be an arbitrary field and let S = F [x0, . . . , xn] be given the
standard grading where n is odd. Let (A,B) be a homogeneous matrix factorization
of a homogeneous element f ∈ S such that (x0, . . . , xn) is the only non-smooth
prime of R = S/f .
Suppose there exist a complete dvr (V,mV ) with residue field F and field of frac-
tions of characteristic 0, a homogeneous element f˜ ∈ V [x0, . . . , xn] and a homoge-
neous matrix factorization (A˜, B˜) of f˜ such that f˜ ≡ f , A˜ ≡ A and B˜ ≡ B modulo
mV . Then θ(M,M) ≥ 0 if n ≡ 3 (mod 4) and θ(M,M) ≤ 0 if n ≡ 1 (mod 4).
Proof. Let M˜ be the graded V [x0, . . . , xn]-module given by the cokernel of A˜. Then
by Proposition 4.2, V , V [x0, . . . , xn], and f˜ from a flat family of hypersurfaces with
isolated singularities. Moreover, M˜ is a flat V -module and hence by Theorem 2.7
we have θ˜α(M˜, M˜) = θ˜β(M˜, M˜) where α : V → F is the map to the residue field of
B and β : V → L is the map to its field of fractions. Since the only singular prime
of R, respectively R′ := L[x0, . . . , xn]/f˜ , has residue field F , respectively L, we
have θ˜α(M˜, M˜) = θ
R(M,N) and θ˜β(M˜, M˜) = θ
R′(M,N). The result now follows
from [18, Theorem 3.4]. 
Example 4.6. Let F be a field of characteristic p > 0 and let f ∈ S = F [x0, . . . , xn]
be a homogeneous element such that (x0, . . . , xn) is the only non-smooth prime of
S/f . If (A,B) is a homogeneous matrix factorization for f satisfying the additional
constraint that det(A) = f , then a lifting (A˜, B˜) as in Corollary 4.5 always ex-
ists. Namely, pick any complete dvr of mixed characteristic V with residue field
F (e.g., the ring of Witt vectors [2]) and let A˜ be any matrix with coefficients
in V [x0, . . . , xn] such that A˜ ≡ A (mod mV ). Then set B˜ = A˜
adj, and we get
A˜ · B˜ = f˜ · Ir with f˜ ≡ f (mod mV ). Thus, for such matrix factorizations, we
have θ(M,M) ≥ 0 if n ≡ 3 (mod 4), and θ(M,M) ≤ 0 if n ≡ 1 (mod 4), where
M = coker(A).
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Assume R is a d-dimensional local hypersurface that is an isolated singularity.
If d ≥ 4, then there are no non-free maximal Cohen-Macaulay R-modules of rank
one. (We are grateful to Hailong Dao and Roger Wiegand for explaining this to us.)
For by a theorem of Grothendieck [11], if Rp is factorial for all p ∈ Spec(R) such
that height(p) ≤ 3, then R is factorial. Since a maximal Cohen-Macaulay module
M of rank one determines an element in the divisor class group of R, M must be
free.
On the other hand, rank one maximal Cohen-Macaulay modules over three di-
mensional hypersurface singularities exist. For example, the ideal (x, y) of R =
k[[x, y, z, w]]/(xw − yz) is a non-free rank one maximal Cohen-Macaulay module.
In case d = 3, Dao and the second author of this paper proved that θR(M,M) ≥ 0
for any finitely generated R-module M . (See also [7].)
The condition det(A) = f is equivalent to the condition that M is a rank one
maximal Cohen-Macaulay module (cf., for example, [14, 2.2.5]). Therefore the
conclusion in Example 4.6 also follows from the discussion above.
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